In this paper we revisit the analysis of the ringdown frequencies in the form of quasi-normal modes for Schwarzschild, Schwarzschild de-Sitter and Reissner-Nordström space-times. We plot these frequencies, using the third-order WKB semi-analytical method against the mass, charge and cosmological constant for each corresponding space-time for various different spin-fields. The results indicate the stability of each black hole solution, including the extremal Reissner-Nordström space-time. Finally, we discover four different traits for the Schwarzschild de-Sitter space-time: i) the frequencies vanish in the extremal case; ii) the frequencies swap behavior before and after the extremal value; iii) indication that the naked singularity is stable for positive mass; iv) for the naked singularity case, there exists a cut-off mass in the scalar-field perturbation which depends only on the multipole number .
Introduction
It is well established that general relativity is a theory plagued by singularities. When these singularities are within event horizons [Hawking and Ellis, 1973] , we call the resulting structure a black hole.
In agreement with the no-hair theorem [Israel, 1967] , the classical black hole solutions may be obtained with dependence solely on its mass M , charge Q and the angular momentum parameter a, aside from the cosmological constant, Λ, that may be directly introduced into the field equations. These solutions can be classified as a sub-class of the Kerr-Newman (anti) de-Sitter space-time.
Any of the given solutions may be perturbed as
where g µν (x λ ) is the black hole background metric and h µν (x λ ) is the perturbed metric. To guarantee the validity of the linearized field equations, the following condition must be satisfied
that is, the perturbation term is never dominant over the background metric. These perturbations can be used to describe the last moment of a system of binary objects, such as two black holes, in the process of coalescence. This process is roughly divided into three different stages, each with their own unique features: the first stage is the inspiral phase, where both bodies are spiraling inward due to the emission of gravitational waves, albeit far enough from each other to be distinguished as two objects. The horizons then coincide and the merger phase begins; this is where the strongest gravitational waves are emitted. The modeling of this phase requires the computation of the full-solution of Einstein's non-linear equations, which is only possible through numerical analysis. The remnant of this collision is a single vibrating black hole, with its frequency decaying exponentially. The last stage of the coalescence is known as the ringdown phase and is well described by perturbation theory.
Perturbation theory was first applied to black hole physics with [Regge and Wheeler, 1957] and was picked up more than a decade later by [Zerilli, 1970] . The main result obtained in these papers was the reduction of the cumbersome set of perturbed equations into a single Schrödinger-like equation for the radial perturbations. Subsequently, the first paper to effectively calculate quasi-normal modes, that is, the damped oscillation signal of a black hole, was [Vishveshwara, 1970] . Thereafter, the calculation of quasi-normal modes in a wide variety of contexts and methods was initiated ( [Konoplya and Zhidenko, 2011] , [Berti et al., 2009] , [Kokkotas and Schmidt, 1999] and references therein).
In this work we reproduce some results with multiple goals: first to thoroughly analyse how the frequencies are affected by the parameters of the black holes; secondly, when within the limitation of the method, to further extend the analysis for naked singularities, in the case of Schwarzschild de-Sitter case, and extremal black holes, for the charged Reissner-Nordström black hole, as these cases are not always discussed in the literature. In this investigation we re-obtained the non-emission of Hawking radiation for the Schwarzschild de-Sitter solution, and also the following original results: the frequencies swap their behavior before and after reaching its extremal limit; an indication that the naked singularity case is stable for a positive mass; the existence of a cut-off value for Λ and mass for the naked singularity, in a scalar field perturbation.
In what follows, we review the basics of black hole perturbation theory in section 2; in section 3 we describe the first-order WKB method to solve the master equation for the radial perturbations, and then generalize it up to third-order; in section 4 we present the results obtained for each solution, and examine them separately, giving detailed attention to Schwarzchild de-Sitter, where four different characteristics are discussed in depth, as we explore the new results of this work; finally, in section 5, the main results are summarized.
Black hole perturbation theory
Black hole perturbation theory began with the pioneering work of [Regge and Wheeler, 1957] , where they investigated whether Schwarzschild's metric was stable under the general non-spherical perturbation, as described in equation (1).
Any second-order symmetric tensor may be decomposed into its Scalar, Vector and Tensor parts (known as SVT decomposition). These quantities may be assembled into two orthogonal classes: either polar or axial 1 ; where the former is invariant under rotation and the latter is not. The explicit difference between both modes is that under parity transformations, the spherical harmonic index transforms as (−1) for the polar class and (−1) +1 for the axial class. In the linear-order, both modes decouple and a simpler set of equations is acquired.
Due to the spherical symmetry and staticity, the most general metric g µν can always be arranged in the form
where the function f (r), which is also known as the lapse function, is characterized differently for each space-time.
The main result obtained in [Regge and Wheeler, 1957] shows that a variable decomposition of the type
yields a Schrödinger-like equation for the function ψ(r) given by
Where r * is defined as the tortoise coordinate dr dr * = f (r) and Y (θ, φ) as the spherical harmonics functions. The effective potential, V (r), depends on the characteristics of the given black hole solution and on the type of the perturbation, which can be either axial or polar. As we will see in the next section, the radial-perturbation equation of every classical black hole solution, with the exception of the rotating ones, 3 can be expressed in this specific format.
Metrics and effective potentials
The study of black holes, through perturbation theory, turns out to be a problem of analysing the effective potential in equation (5). In this section, we review the line elements of equation (3), with their respective effective potentials, for various different types of perturbations.
Schwarzschild
The simplest black hole solution is described by the Schwarzschild space-time. The lapse function f (r) is
with M being its mass. For a positive mass, a black hole solution is obtained within the Schwarzschild radius, r Sch = 2M . If the mass turns out to be negative, the space-time describes a naked singularity solution.
Thence the interpretation of M would not be that of the mass, which recovers the Newtonian limit at spatial infinity, instead, we refer to it as the mass parameter. It is widely accepted that the latter should not exist in nature, this is known as the cosmic censorship conjecture [Penrose, 1969] . As explained previously, both types of perturbation obey equation (5), however, the effective potentials are different. In [Regge and Wheeler, 1957] , we can see that the effective potential for axial perturbations is
which is known as the Regge-Wheeler potential. The parameter is a constant related to the angular momentum and β to the spin of the field through β = 1 − S 2 , also called the field's spin weight [Berti et al., 2009] .
Despite the perturbation due to different spins being characterized by the same equation 4 , they originate from very different natures. For S = 2, we get gravitational perturbations, which arise from the perturbation of the Einstein tensor itself. The electromagnetic perturbations, i.e. S = 1, comes from the analysis of the electromagnetic four-potential A µ when subjected to Maxwell's equation in a given space-time [Fernando and Manning, 2017] . The four-potential may also be decomposed into its axial and polar parts, using the same method employed by Regge and Wheeler. Finally, for S = 0, we have scalar perturbation that results from the behavior of the massless Klein-Gordon equation
in the curved space-time. For any (electro-) vacuum spacetime described by equation (3), the effective potential is
where the prime denotes a derivative in respect to the radial coordinate r. For the Schwarzschild lapse function, the result obtained is the one described in equation (7) for S = 0 (i.e. β = 1).
On the other hand, the effective potential for the polar perturbations, known as Zerilli potential [Zerilli, 1970] , is given as
with 2η = ( − 1)( + 2). Furthermore, in [Chandrasekhar, 1984] we find that the two potentials for gravitational perturbations, described by equations (7) and (10), are related by
with
, β = 6M, κ = 4η(η + 1).
(12) This relation between potentials is called the super-partner potentials, which is a typical term in the context of supersymmetric theories [Cardoso and Lemos, 2001] . Such property arises from the fact that these potentials possess the same amplitudes for both the transmitted and reflected waves [Chandrasekhar, 1983] . This property is known as the isospectral relation, since they have the same quasi-normal spectrum. Potentials with this structure imply a relation between the wave-functions ψ a and ψ p of the type
hence, after obtaining either the frequencies or the wavefunction for one potential, the other can be easily derived [Berti et al., 2009] .
Reissner-Nordström
The line element describing a charged black hole with charge Q is known as the Reissner-Nordström space-time. The event horizons are situated at r ± = M ± M 2 − Q 2 , and thus three different cases are possible: i) M > Q gives a black hole where the outer horizon is an event horizon and the inner one a Cauchy horizon; ii) M = Q has both horizons coinciding and is called the extremal solution; iii) Q > M admits no horizons and a charged naked singularity space-time is described. This space-time follows the structure stated in equation (3), with
The polar perturbation potential is given by
where i, j = 1, 2 (i = j) and with the following definitions
Further, the axial perturbation effective potential is
As for the Schwarzschild solution, both axial and polar effective potentials are correlated via
Using relation (9), the effective potential for a scalar perturbation is given by
We see that if we choose Q = 0, we re-obtain the scalar perturbation for the Schwarzschild effective potential, defined in (7) for S = 0 (i.e. β = 1). From equations (15) and (17), it is clear that differently from the uncharged solution, each perturbation type has two different potentials, instead of a single one. Since the perturbation of Einstein's and Maxwell's equations cannot be fully disentangled, that is, there is no purely electromagnetic nor gravitational modes of oscillation, there will be an emission of both electromagnetic and gravitational radiation for all kinds of perturbation [Kokkotas and Schutz, 1988] .
Schwarzschild de-Sitter
Black holes may also be investigated when immersed within a universe with a cosmological constant, Λ. This solution bears the name of its discoverer: Kotler, and may have either a positive or negative value for Λ [Kottler, 1918] . Despite it being Kotler's discovery, the solution is more commonly known as Schwarzschild deSitter (positive Λ) or anti de-Sitter (negative Λ).
This space-time is described by
Since there are two different parameters, M and Λ, there is a diversity of solutions, as summarized in table 1. In the case of Schwarzschild anti-de Sitter, if the mass parameter is positive, only one horizon solution is possible, which is an event horizon. Then, this space-time describes an observer outside of a black hole in an contracting universe. This solution is a crucial element for the AdS/CFT
Never Always Never M < 0 and Λ > 0 Never Always Never M < 0 and Λ < 0 Always Never Never correspondence [Maldacena, 1999] . However, if the mass parameter is negative we are left with a horizonless case, which is a naked singularity space-time.
A much richer set of solutions is possible for a positive cosmological constant. The horizons may be localized via the following relations, [Faraoni, 2018] 
with sin(3ψ) = 3
However, for a negative mass parameter only a cosmological horizon is present. Then, the observer would be found between the naked singularity and the cosmological horizon. If the mass parameter is positive, three different possibilities are possible: i) in the range 0 < 9ΛM 2 < 1 both cosmological and event horizons are present, hence an observer is bounded by them both, and is found between a black hole and an expanding universe; ii) when 9ΛM 2 = 1, both horizons coincide and an extremal black hole is created, also known as the Nairiai limit [Hidekazu, 1951] ; iii) lastly, if 9ΛM 2 > 1, no horizons are formed, and this can be interpreted as if the event horizon has grown larger than the cosmological one, making it effectively disappear, and hence the singularity is not screened [Faraoni, 2018] .
Perturbation theory was first applied to the Schwarzschild de-Sitter solution in [Guven and Núñez, 1990 ], but we refer the reader to [Zhidenko, 2004] , where the whole set of effective potentials is summarized. For this case, the effective potential of the axial perturbation is
where, once again, β = 1 − S 2 . The gravitational perturbation of the polar type is then
The same structure encountered in Schwarzschild relating both potentials, i.e. equations (11) and (13), also holds true for Schwarzschild de-Sitter. The adjusted definitions of the function W and the constant β can be found in [Zhidenko, 2004] .
The perturbation for a scalar-field, S = 0, may be obtained using equation (9) and is given by
It is clear from the previous equations that when setting Λ = 0 the results for Schwarzschild are re-obtained.
The WKB method
The WKB method (named after the physicists Gregor Wentzel, Hendrik Kramers and Léon Brillouin) is an approximate method to solve linear differential equations.
The most important and recognizable usage of this method is to solve the time-independent Schrödinger equation [Landau and Lifshitz, 1981 ]
Due to the resemblance of equation (27) with the master equation (5), the idea to employ the same method for black hole perturbation theory is evident. Formally, the WKB method consists of an approximation in a single exponential power series of the type
and the differential equation to be analysed has the following general form
The main difference between a quantum mechanical problem, in which you may have different numbers of returning points for the effective potential (although it is usually a single one), is that in the black hole perturbation theory the function Q(r) contains two turning points, necessarily. For this reason, the matching procedure must be altered, as was developed by [Bender and Orszag, 1978] .
-∞ r The main peculiarity in a quasi-normal mode problem is that specific boundary conditions must be set. Since waves cannot emerge from the Minkowskian spatial infinity, a purely outgoing waves boundary condition must be chosen
while at the event horizon, since waves cannot arise from within the black hole, only incoming waves are permitted, then
With these boundary conditions it is clear that the black hole itself is losing energy in the form of gravitational waves. This happens either by waves going into the event horizon or by dissipating themselves in the spatial infinity.
Using these appropriate boundary conditions, the WKB matching condition throughout the three regions leads to
where the subscript 0 represents the function Q(r) evaluated at its maximum and will be omitted from now on in order to simplify the notation. The factor n is known as the overtone number, which is a discrete quantity, and the fundamental oscillation mode is given by n = 0.
Until this point, the method is fully general for any differential equation that obeys equation (29), for any given two turning point function Q(r), with Q (r) = 0, where the latter implies that a maximum must exist.
For black holes physics, the method was first used by [Mashhoon, 1983] , where he used Q(r) = V (r) − ω 2 , and found the real and imaginary frequencies of the oscillations to be described as
with the derivatives of the potentials given by
which must be evaluated in the potential's maximum.
The easiness of the WKB method is well stated in equation (33): instead of solving a rather difficult differential equation numerically, the frequencies are obtained by solving a much simpler one. Furthermore, it can easily be expanded to further orders of approximation by directly adding more terms to the condition above.
This method has been first expanded to the thirdorder in [Iyer and Will, 1987] .
Subsequently, a succession of papers arose studying every classical black hole solution:
Schwarzschild [Iyer, 1987] , ReissnerNordström [Kokkotas and Schutz, 1988] and Kerr [Seidel and Iyer, 1990] . Thereafter, it has been even further developed to the sixth-order for an N −dimensional Schwarzschild black hole [Konoplya, 2003] .
In the third-order approximation, the condition given in equation (33) changes in the following manner
whereas the cumbersome quantities Γ and Ω are
with α = (n + 1/2) 2 .
In table 2, we compare the WKB method that we have described and implemented, with the numerical method applied in [Chandrasekhar and Detweiler, 1975] and to Leaver's semi-analytic method [Leaver, 1985] . The results were acquired using a Schwarschild black hole, with unity mass, M = 1, for the polar perturbation in units of 2M ω.
Availability of the method for naked singularities
Naked singularities arise in the space-times analyzed here in the following forms: for Schwarzschild when the mass parameter is negative; for Reissner-Nordström when either the mass parameter is negative or the inequality Q > M is satisfied; lastly, for Schwarschild (anti) de-Sitter, as stated in table 1, it occurs for M < 0 and Λ < 0, or if 9ΛM 2 > 0, assuming that both parameters are positive.
For the WKB method, as described here, to be properly applied, the following conditions must be fulfilled:
1. The potential must possess two turning points; 2. The potential must have a maximum; 3. Purely in-going waves arriving to the center and outgoing waves departing in the spatial infinity.
It is clear from figure 2 , that the black hole solutions of the space-times analyzed here satisfies every single condition needed. Hence, the WKB method may be correctly applied to these cases.
However, every naked singularity case cited in the previous paragraph fails in each item, as can be seen in figure 3: they do not contain two turning points, nor a maximum. Lastly, since the potential diverges to +∞ as r → 0, it does not allow in-going waves into the naked singularity. Table 2 : We compare the numerical method used by Chandrasekhar [Chandrasekhar and Detweiler, 1975 ], Leaver's semi-analytic method [Leaver, 1985] (for = 4 values, see [Nollert, 1999] ) and our implementation of the third-order WKB method. The results were acquired using the Schwarschild black hole, with unity mass, M = 1, for the polar perturbation in units of 2M ω. However that is not the case for Schwarzschild de-Sitter naked singularity with positive mass. In figure 3 , by direct inspection it is clear that the green curve resembles the effective potentials displayed in figure 2, which represents the typical effective potential behavior. This case fulfill every condition for the WKB method to be utilized: it possesses a maximum and it has two turning points. The part that requires detailed attention is the third condition, as stated in equations (30) and (31). At first, it seems that since the tortoise coordinate for the naked singularity case does not cover the whole range of the reals, the boundary condition in equation (30) would not be satisfied and the method could not be applied.
Even with all of this, we must make it clear that not every effective potential for Schwarzschild de-Sitter naked singularity with positive mass satisfy all these conditions. The best example is the axial gravitational perturbation in equation (24), which clearly diverges to +∞ as the radial coordinate approaches zero. But, following the deduction from [Schutz and Will, 1985] , the requirements for the matching condition, equation (33), to be satisfied are given solely by r * r
(1) * and r * r (2) * , where both r
(1) * and r (2) * are the turning points 6 . That is, there is no need for the tortoise coordinate to cover the whole range −∞ < r * < ∞, as long as the turning points are far from the extremes of the potential. Strictly speaking, the condition of purely in-going waves is still satisfied, which characterizes an attractive potential.
With this we conclude that the method can be correctly applied for positive mass Schwarzschild de-Sitter naked singularity space-time. For the solutions considered in this paper, this is the only naked singularity case where the WKB method may be correctly used.
Stability condition
The variable decomposition in equation (4), i.e. the wave function Ψ(t, r, θ, φ), has a time functional form of the type
which describes an oscillation in time. However, when analysing equation (35), we see that the general frequency also has an imaginary component
In the above equation, the real and imaginary part of ω has been decomposed using a different sign convention ω = ω r − iω i . The real part of the frequency represents the real oscillation of the black hole, which is positive definite. Conversely, the imaginary part of the frequency may be either positive or negative. If ω i > 0, the exponential term diverges as time evolves, and it follows that the oscillation of the black hole will always grow, thus describing an unstable solution. On the other hand, for ω i < 0, we have a damped oscillation, since the whole exponential term decreases to zero as the time coordinate infinitely increases and, therefore, the black hole ceases its oscillation; this describes a stable solution. Finally, ω i = 0 describes a normal mode, with a black hole infinitely vibrating.
Hence, we can define a quasi-normal mode as a general oscillation which possess an exponential damping factor. Note that this is only true when ω i < 0.
Results
In this section, we discuss the results we obtained using the WKB method up to the third-order of the first few overtone numbers, n, and multipole values, . We find that most of the plots follow the same general behaviour and, as such, we only present a fraction of them. We believe that the plots displayed in this paper summarize well the main results that we obtained. 
Schwarzschild
The plots in figure 4 and figure 5 are the results that we obtained for the perturbation of the Schwarzschild solution, using the formalism explained in subsection 2.1.1.
7 Specific cases may be requested to the authors via e-mail.
The former shows the axial perturbation of a scalar field and the latter is for the polar gravitational perturbation. We can see that for a fixed overtone number, the imaginary frequencies remain almost unchanged. On the other hand, as it increases, and remains fixed, both real and imaginary frequencies are altered. As the value of n grows the frequency decreases, as does the damping factor. It is also clear that, as the mass of the black hole increases, its vibration is reduced and the damping effect becomes less pronounced.
In the last three columns of table 2, it is plain that the errors of the two semi-analytic methods become larger as the pair and n increases, in comparison with the numerical integration. However, we find that the error is less than 0, 3% for the fundamental modes. When comparing the semi-analytic methods in the last column, it is evident that the error of the WKB method worsens as the value of n increases, with a value of 4.79% for the imaginary part given = 2 and n = 3. As grows, our results get increasingly more accurate, with 0.01−0.012i% for = 4. Hence, our results are compatible with the expected behaviour of WKB method per se [Nikolaos, 2005 , Berti et al., 2009 .
Finally, we can conclude from both figures 4 and 5 as well as from table 2, that the stability condition as defined in 3.2 is satisfied and, therefore, the black hole is stable. Every result that we have obtained for the Schwarzschild solution corroborates with what is already known in the literature.
The case of the naked singularity in the Schwarzschild space-time cannot be analysed via the WKB method. None of the effective potentials satisfies the condition stated in Figure 1 , i.e. there are no two turning points, hence the potential has no maximum and the whole method should be modified to adjust for such condition.
Reissner-Nordström
In what follows, we discuss the results obtained for the Reissner-Nordström space-time.
In figure 6 , we have an axial perturbation of the potential V 1 , where we allow the charge to vary until after its extremal value, for a fixed mass. We can see that the frequencies abruptly diverge when the inequality Q > M becomes satisfied, which supports the cosmic censorship conjecture. We were also able to check that the imaginary frequencies are weakly dependent on the black hole charge, as was first identified in [Cardoso et al., 2018] . Lastly, we see that the real frequencies of the black hole increase as the charges grows, that is, its charge does not act as a damping factor, as the mass does, but as a driving parameter.
In figure 7 , we display a polar perturbation for the V 2 potential, for a fixed and for a variable charge parameter. Note that the non-existence of frequencies on the leftmost part of the plots, Q > M , are, once again, due to the cosmic censorship conjecture. After the point in which Q = M , the frequencies begin to closely resemble the Schwarzschild solution, with the mass damping the frequencies and the same analysis described in the previous subsection applies.
In figure 8 , we set the maximal condition, that is Q = M , for an axial perturbation of a scalar field. We must emphasize that such condition can be analyzed through The plot on the left maintains n = 0 constant while varies through 1 to 3. We see that as increases the real frequencies also grow, however the imaginary frequencies seems insensible to such change. The plot on the right maintains = 1 constant while n varies through 0 to 2. We can identify that the real frequencies decrease as n increases, while the opposite occurs to the imaginary frequencies. Figure 5 : Polar perturbation of a S = 2 field in Schwarzschild space-time for a varying mass. The continuous lines represent the real frequencies and the dashed ones are the respective imaginary frequencies. The plot on the left maintains n = 0 constant while varies through 2 to 4. We see that as increases the real frequencies also grow, however the imaginary frequencies seem insensible to such changes. The plot on the right maintains = 2 constant while n varies through 0 to 2. We can identify that the real frequencies decrease as n increases, while the opposite occurs to the imaginary frequencies.
the WKB method because its effective potential satisfies all the conditions previously discussed in section 3. We see that the frequencies behave well in the whole domain, with the mass/charge acting as a damping factor. It is curious to see that the extremal solution of a charged black hole behaves similar to the uncharged one, the Schwarzschild black hole; therefore the same analysis for the frequencies may be employed here.
As we have established for the Schwarzschild solution, the imaginary frequencies seem to be sensible only to the variation of n. This characteristic may be observed while keeping either the mass or the charge fixed, as displayed in both graphs.
In a nutshell, the Reissner-Nordström solution is a stable black hole in which the mass damps its vibration. On the other hand, its charge slowly increases its vibration, while keeping the imaginary frequencies unaffected. Once again, the results obtained in our analysis reproduces what is known in the literature.
Schwarzschild de-Sitter
We show the frequencies of the Schwarzschild de-Sitter space-time in figures 9 through 11. We identified four main attributes in our analysis that are discussed below.
i) Vanishing frequencies in the extremal case
As we have reviewed in section 2.1.3, for the exact value of 9ΛM 2 = 1, the Schwarzschild de-Sitter space-time reaches its extremal case, where it has a unique horizon.
In figures 9, 10 and 11 we see that the frequencies vanish when the extremal solution is reached. In this case, the extremal black hole does not emit any kind of radiation. Such result was expected, on account that it was previously proved that extremal solutions possess null Hawking temperature [Cho et al., 2010] , hence no further loss The continuous lines represent the real frequencies and the dashed ones are the respective imaginary frequencies. The plot on the left maintains n = 0 constant while varies through 1 to 3. We see that as increases the real frequencies also grow, however the imaginary frequencies seems insensible to such change, exactly as in the Schwarzschild case. The plot on the right maintains = 1 constant while n varies through 0 to 2. We can identify that the real frequencies lower their value as n increases, while the opposite occurs to the imaginary frequencies. In both cases we note that the imaginary frequencies are mostly insensible to the variation of the electric charge of the black hole, at the same time, it increases the real oscillation frequency. The continuous lines represent the real frequencies and the dashed ones are the respective imaginary frequencies. The plot on the left maintains n = 0 constant while varies through 2 to 4. We see that as increases the real frequencies also grow, however the imaginary frequencies seems insensible to such change, exactly as in the Schwarzschild case. The plot on the right maintains = 2 constant while n varies through 0 to 2. We can identify that the real frequencies lower their value as n increases, while the opposite occurs to the imaginary frequencies.
of energy is possible.
ii) Swap behaviour
In the plots on the left side, where n is constant, for figures 10 and 11, but most prominently in the former, we see a kind of a "mirror" effect on the frequencies. We notice that the real and imaginary frequencies swap their general behaviour upon reaching the extremal value.
Before this value, the real frequencies have three distinct curves, for each value of , while the imaginary frequencies act as one curve; just like in the Schwarzschild case, hardly has an impact in their behaviour. After this point, the opposite happens and we see three different curves for the imaginary frequencies and one for the real ones, since these become sensible to only n.
Furthermore, the frequencies "swap sides" in respect to the y direction. The real frequencies start with a higher value, when in comparison to the imaginary ones, but once the limiting case is reached the opposite occurs.
To the authors best knowledge this behaviour has not been previously discussed in the literature and deserves further investigation.
iii) Indication of a stable naked singularity with a positive mass
Although not physical, the discussion whether naked singularities are stable, or not, has been of great theoretical interest. When the naked singularity occurs due to the negative mass, it was proven to be unstable for the cases of: Schwarschild [Gleiser and Dotti, 2006] , Reissner- Nordström [Dotti et al., 2007] 8 , Schwarzschild (anti) deSitter [Cardoso and Cavaglia, 2006] and Kerr with positive mass [Dotti et al., 2008] .
Examining the figures 10 and 11, we see the existence of frequencies in the naked singularity domain, namely after the extremal case. Not only does this suggest that such a solution is stable, but it also becomes more stable as either Λ or M increases. The analysis we performed is not, by itself, a proof of the stability, but rather an indication that a more an in-depth investigation is necessary.
iv) Cut-off mass
The perturbation of a scalar-field is studied in figure 9 . For this case, we see that for each mode, there is a value of M beyond which no frequency exists.
On the plot on the left, we see that the cut-off mass does not depend on the value of the overtone number, n, but solely on . This is also true for the plot on the right.
It is important to stress that the exact same behaviour exists for a variable cosmological constant, thus it also has a cut-off Λ value.
Finally, we see that the black hole solution, for 0 < 9ΛM 2 < 1, is stable. The frequencies decrease when either Λ or M increase, and, consequently, both parameters act as damping factors.
Conclusion
In this work, we analysed the quasi-normal modes of the Schwarzschild, Reissner-Nordström and Schwarzschild (anti) de-Sitter space-times, via the third-order WKB method, in the context of general relativity. Every black hole solution is stable under first-order perturbation, as it has been previously established using other methods.
We checked that the Schwarzschild black hole is stable for any type of perturbation, with its mass acting as the damping factor.
We then verified that the charge of the ReissnerNordström black hole essentially keeps the imaginary frequencies constant, until just before reaching the extremal condition, as was first stated in [Cardoso et al., 2018] . We also note that the charge increases the vibration of the black hole, instead of damping it. The extremal case of the charged black hole was also examined, where we concluded that the frequencies behaves just like the Schwarzschild case, hence the same analysis applies.
The most important results we obtained were the four traits for the Schwarzschild de-Sitter solution: i) we showed that, as the black hole reaches its extremal status, both frequencies cease to exist, in agreement with the null Hawking temperature for these cases; ii) the frequencies swap their tendencies upon reaching 9M 2 Λ, where the real frequency acts like the imaginary one, and vice-versa; iii) we find an indication that the naked singularity may be stable for a positive mass; iv) lastly, we discovered the existence of a cut-off mass and cosmological constant, dependent on the overtone number, in the naked singularity case of a scalar field perturbation. Although the first trait has already been thoroughly analysed in previous studies, the other three characteristics deserve a deeper investigation.
For every black hole solution studied here, we conclude that the imaginary frequencies, i.e. the damping factor of the oscillation, are insensible to the variation of . The right plot maintains = 1 constant while n varies through 0 to 2. We see that exactly the same behaviour as for the Schwarzschild cases follow before the frequencies vanish. In the naked singularity part of both plots, it is possible to see that there exists a maximum value of the cosmological constant where the mode, for each but independent of n, diverges. The same behaviour occurs for the mass (not shown here), hence there are both a cut-off mass and a limit for Λ for a scalar field in a naked singularity space-time. Figure 10 : Axial perturbation of a S = 1 field in Schwarzschild de-Sitter space-time for a fixed M = 1. The continuous lines represent the real frequencies and the dashed ones are the respective imaginary frequencies. The plot on the left maintains n = 0 constant while varies through 1 to 3. The plot on the right maintains = 1 constant while n varies through 0 to 2. We see that exactly the same behaviour as for the Schwarzschild cases follow before the frequencies vanish. On both plots it is possible to see the swap behaviour of the frequencies and the indication of a stable naked singularity, discussed in section 4.3. Figure 11 : Polar perturbation of a S = 2 field in Schwarzschild de-Sitter space-time for a fixed Λ, in terms of the mass divided by the Nairiai mass. The continuous lines represent the real frequencies and the dashed ones are the respective imaginary frequencies. The plot on the left maintains n = 0 constant while varies through 2 to 4. The plot on the right keeps = 2 constant while n goes from 0 to 2. We see that exactly the same behaviour as for the Schwarzschild cases follow before the frequencies vanish. On both plots it is possible to see the swap behaviour of the frequencies and the indication of a stable naked singularity, discussed in section 4.3.
